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The traditional approach followed for mathematically modeling physico-chemical
processes on catalytic surfaces involves the choice of an infinitesimal surface area on
the catalyst and formulation of mass balances involving adsorbate surface concentra-
tions. Such a strategy is inadequate when the catalytic surface itself changes dynamically
with respect to adsorbate-dependent surface arrangement of its catalytic atoms (and
hence) its characteristic kinetics. A rigorous mathematical framework to model such
processes is presented. The basic postulates of the theory are the availability of (1) a
length scale over which the local infinitesimal area is of one surface type of another and
(2) a time scale in which changes in fractional coverage occurring on the length scale in
(1) are deterministically describable by continuous variables. A combination of proba-
bility and area-averaging is used to arrive at a deterministic set of partial differential
equations for surface concentrations. The resulting equations include reaction and sur-
face diffusion, and new terms such as dilution/augmentation of surface concentration
of species brought about by phase transformation. Such terms are significant in predict-
ing the nonlinear behavior of the system and in extracting the kinetics of surface reac-
tions from dynamic data. An application of the theoretical framework to CO oxidation
on Pt(100) is demonstrated and dilution/augmentation terms were identified in the
purely temporal model. These terms are shown to be significantly important by simula-
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tion.

Introduction

Physicochemical processes on a catalytic surface such as
adsorption, desorption, surface diffusion, and chemical reac-
tion when coupled with an adsorbate-induced catalyst surface
phase transformation give rise to nonlinear phenomena like
oscillatory behavior in the macroscopic reaction rate and spa-
tiotemporal pattern formation on the catalyst surface (Ertl,
1985; Gardner et al., 1990; Behm et al., 1983; Cox et al., 1983).
Self-organization in the form of spiral waves, standing waves,
and chemical turbulence have been observed during a variety
of chemical reactions on the Pt(100) and Pt(110) single-crystal
surfaces (Ertl, 1993; Jakubith et al., 1990; Eiswirth et al.,
1989). The discovery of a rich variety of patterns as well as
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successful experiments that bridged the so-called surface-
science “pressure gap” have become possible as a result of
the advent of advanced experimental tools such as ellipsomi-
croscopy for surface imaging (EMSI) and photoelectron
emission microscopy (PEEM) (Rotermund, 1995; Haas et al.,
1998; Rotermund et al., 1995). A widely studied reaction in
this context is the CO oxidation on Pt catalysts (Slinko et al.,
1994).

Various theoretical approaches have been used to model
spatiotemporal dynamics on well-defined surfaces. Prominent
among these have been Monte Carlo methods (Ziff et al.,
1986), cellular automaton methods (Mai and von Niessen,
1991; Chavez et al., 1998), and the traditional mass-balance
methods (Imbihl et al., 1985; Gruyters et al., 1996; Eiswirth
et al., 1986), where reaction-diffusion models were formu-
lated to describe the dynamics on surfaces. The formulation
of mass balances to describe catalytic surface phenomena in-
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volve (a) the identification of a differential area at any spatial
location on the catalytic surface, and (b) description of the
dynamics of surface concentration (coverages) of chemical
species on the area defined in (a). Such a strategy cannot be
applied in a straightforward manner when formulating mass
balances on transforming surfaces for reasons explained in
the following.

On transforming catalytic surfaces, the physicochemical
identity of any identified differential area changes dynami-
cally depending on the (continuously changing) adsorbate sur-
face concentration and the chemical nature of the adsorbed
chemical species. Let us consider (without loss of generality)
that the catalytic atoms that form the differential area identi-
fied earlier in (a) can exist in two different configurations.
These two configurations, besides being different in their
atomic arrangements, have unique and very different ener-
getics for adsorption and desorption of reactants as well as a
chemical reaction between adsorbed chemical species. The
interconversion between the two catalytic surface configura-
tions is driven purely by the local configuration-specific adsor-
bate concentration. Thus, any mass-balance formulation re-
quires the dynamic description of surface-specific adsorbate
concentrations, in addition to the fractions of the catalytic
surface that exist in each of the configurations. We now ad-
dress a somewhat subtle issue, connected with mass balances
on surface-specific concentrations, that has not been ac-
counted for in prior formulations. The differential area of
any given surface type is itself changing continuously because
of interconversion between surface types. This calls for de-
scribing dynamically changing probabilities of the differential
area being of one type or another. Since the final goal is to
arrive at deterministic equations for describing coverage dy-
namics, a suitable probability averaging is necessary, as will
be seen in the mathematical development in this article.

To establish an experimental context for the preceding dis-
cussion, we briefly discuss the CO oxidation reaction on the
Pt(100) catalytic surface. The Pt(100) catalyst surface atoms
exhibits a hexagonal arrangement when the adsorbed CO
surface concentration is lower than a certain critical value
(Cox et al., 1983; Hopkinson and King, 1993; Hopkinson et
al., 1993). This “hex” surface has a very low adsorption prob-
ability of oxygen (0.0001) compared to that of CO (0.78).
However, during the course of the reaction, when the CO
surface concentration on the hex phase increases above a crit-
ical concentration, the Pt(100) surface atoms dynamically re-
arrange to form a 1X1 arrangement, which has comparable
adsorption probabilities for CO and oxygen. Oxygen adsorp-
tion on the 1X1 surface causes a significant chemical reac-
tion with adsorbed CO already present on the surface pro-
ducing CO,, which is immediately desorbed. This causes ad-
sorbate surface concentrations on the 1X 1 surface to fall be-
low the critical value, which causes rearrangement back to
the hex phase. Experimental data specific to the 1X1 and
the hex surfaces, such as adsorption probability dependence
on surface-specific adsorbate concentrations, adsorption acti-
vation energies, chemical reaction rate constants, and de-
sorption rate constants is abundantly available for the CO
oxidation reaction on Pt(100) (Gruyters et al., 1995, 1996; Im-
bihl et al., 1986).

Reactions on transforming surfaces have been theoretically
modeled in the literature using reaction-diffusion equations.
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CO oxidation on Pt(100) was first modeled by Imbihl and
coworkers (Imbihl et al., 1985). This work holds its impor-
tance in the literature because it was the first systematic at-
tempt to predict rate oscillations on transforming surfaces. It
contained considerable experimental insight, not only in us-
ing the Langmuir—Hinshelwood (LH) mechanism, but also
because of the fact that it tried to use phase-transition kinet-
ics coupled with the LH mechanism to prove the existence of
oscillations as well as spatiotemporal patterns. This model
has been a prototype for wide-ranging studies (Krischer et
al., 1992; Bar et al., 1994; Shvartsman and Kevrekidis, 1999;
Bangia et al., 1996). The model equations used by Imbihl et
al. involved the definition of a spatially distributed 6.3", the
“global” coverage with 0.5'=0co/0,, where O is the
“local” coverage of CO on the surface. The authors do not
define a differential area over which this local coverage is
defined; in that sense it is not clear whether this coverage is
surface-specific (the phase transformation depends on sur-
face-specific coverages). A rational strategy would be to first
identify a differential area, define the local coverage over it,
and then average it over a number of areas to come up with a
“global” definition. The quantity 8.5' does not really repre-
sent an area-averaged coverage; this is the local concentra-
tion normalized to the total area of 1X1 on the surface,
something that experiments do not measure. Hence, the mo-
tivation behind the definition of “global” coverages is am-
biguous. If a correct spatial averaging was done to come up
with the global coverages, it would involve the averaging of
nonlinear terms (example chemical reaction) that would yield
terms that would not be identical functions of the averaged
physical quantity. In essence, (048'05%!) # (L5105,
The model also does not account for dilution/augmentation
terms.

Based on careful molecular beam studies, Gruyters et al.
(1995) proposed and used a new power law for describing
surface-phase transitions. The model by Gruyters et al. (1996)
accounted for such new experimental evidence. This is a much
more sophisticated model, not only because of the experi-
mental content, but also because a term similar to dilution
was included for the first time in their model. However, it is
unclear why the dilution term is present in every equation,
irrespective of whether the hex areas transform to 1X1 or
vice versa. As our work will prove, dilution terms cannot be
present in every equation independent of the status of the
transformation. Augmentation terms are missing in the equa-
tions.

In summary, we believe that past approaches to model
transforming surfaces were seminal in attempting to capture
the physics of adsorbate-induced phase transformation, but
were ad hoc, and, hence, plagued by inconsistencies that im-
peril assessment of the nonlinear interaction between reac-
tion and diffusion. Toward this, we have developed a deter-
ministic framework for analyzing adsorption, reaction, de-
sorption, and surface diffusion of gaseous species on catalytic
surfaces coupled with the transformation of surfaces based
on a procedure that involves local probability averaging as
well as area averaging. While the probability averaging is to
promote the deterministic framework, the area averaging is
designed to produce quantities more closely related to mea-
surement. We assume that the catalytic surface has two dif-
ferent types of configurations, « and B (we do this because
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Pt(100) and Pt(110), for example, can exist in two phases: the
development of the theory itself is not limited by the number
of configurations). By area averaging, we mean that around
each spatial point on the two-dimensional surface, one can
identify an averaging area, which is large enough to cover a
number of “small”areas (of either type a or 8). Each of the
small areas must either be of type « or B.

The phase transition is treated as a random event, but with
a transition probability that is a strong function of coverage;
hence we define the probability that the “small” area is of
either type a or B. We write master equations for relevant
probability density functions, which will be defined, and suit-
able probability, and area averaging of these will yield a de-
terministic model. This development naturally gives rise to
terms in the equations (for the averaged surface concentra-
tions) that do not appear in prior mathematical treatments,
which arrived at model equations by ad hoc balances. The
terms in question arise out of dilution due to an increase in
the fraction of a given surface type (following surface trans-
formation) or augmentation due to a decrease in the fraction
of a given surface type. We demonstrate that the phenomena
represented by such terms play a significant role in determin-
ing the oscillatory behavior in surface reactions, and conse-
quently cannot be neglected in any description of the dynam-
ics of phenomena belonging to the generic class of surface
phase transformation coupled with physicochemical pro-
cesses. This is supported by simulation results of temporal
oscillations in CO oxidation on Pt(100) where we evaluate
the effect of the new terms.

Theoretical Development
Basic postulates

Consider an “infinitesimal” surface of area dA4 on the sur-
face (Figure 1). This area is very small compared with the
total surface. If we denote the entire catalyst surface domain
by 2, with area measure Ay, then

AT=f2TdA (1)

There are two basic postulates associated with dA.
(1) dA is either of a or B type, that is, it cannot accommo-
date both types of surface. The spatial scale of dA4 is small

dA, around x

Zo(x)

Figure 1. Area dA around a spatial point x along with
the averaging area 3 ,(x).
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compared with the averaging area, 3,(x), which surrounds
the spatial location x (Figure 1).

(2) 1t is possible to find a time scale in which the changes
occurring with respect to coverage of reacting species on the
area dA can be described by deterministic, continuous vari-
ables. The frequency with which the reaction surfaces switch
between o and B types is comparatively smaller.

We define the local surface coverage vector on dA4 due to
n gaseous species as follows

0=[6,,6,,...,6,] )

where 6, refers to coverage of the ith species. The area dA4
can transform from type « to type B and vice versa; the
transformation is a stochastic event, and the associated prob-
ability densities are strong functions of the surface coverage
vector 6. These probability densities describe the probability
that the area dA is of type « (or 8) with coverage between 6
and 6 +d6.

Probability functions

The surface phase transformations between « and B are
dependent on the coverage of the chemical species adsorbed
on the surface. Typically, one of the phases (say «) is stabi-
lized by a high local coverage of the adsorbed species, while
the other (say B) is stabilized by low coverage of the reac-
tants. There is in addition a spatial distribution of coverage
over the surface space, meaning that the area dA4 around any
given spatial location x has a different coverage from that at
x + dx. Based on the preceding facts, and keeping in mind
that the phase transition is a time-dependent process, we can
introduce the following probability distribution functions:

7,(x,t;0)d 0 = Probability {area dA around x at time ¢ is

of the a type with fractional
coverages between 6 and 0
+de}

mg(x,¢;0)d @ = Probability {area dA around x at time ¢ is

of the B type with fractional
coverages between 60
and@ + d6}.

In the foregoing, d@ =d0,d6,d0,, . . ., d6,. We also de-

fine the probability functions

Pa(x,1)

= Probability {area dA around x at time ¢ is of the « type}
Pg (x,t)

= Probability {area dA around x at time ¢ is of the 3 type}

Then, it follows that
Pa(x,8) =f dOm,(x,t;0)
360,<1

pB(x,t)=f29.£ld07TB(x,t;0) (3)
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The infinitesimal area dA around x must be either of type
a or type B3, since it can exist only as either of the two phases.
Hence

Po(x,0)+ pg(x,1) =1 C))

We now define the fraction of a-type area in the averaging
domain 3,,(x) at location x as

1
au(xt)=—— [2( )pa(x+r,t)dA,. 5)
o o\ X

where dA, is an infinitesimal area around the point x +r
and A, is the area of 3(x). Similarly, we denote the frac-
tion of B-type area in the averaging domain by

1
as(x,t)=— x+r)dA, 6
s = [ peen) ©)

We have a, + az =1 at every point on the surface.

Definition of probability and area-averaged quantities

Since we want to arrive at a deterministic description of
coverage dynamics, we define probability-averaged coverages
as follows

0,m,(x,t;0) do
— 30,<1
0,4 (x,0) = —

Pa(x,1)

f 0,m5(x,t;m0) dO
360,<1

Oup () = pp(x.t)

@)

where @l—,a(x,t) is the probability-averaged coverage of
species i on area dA of type «. Clearly, this is a surface-
specific definition of coverage.

The probability-averaged coverage vector on the surface of
type « would then be

0,=[0,..8,.0,......8,.] )

We now define local probability and area-averaged coverages
as follows

(0, (x,t)) = 0, (x+r)p(x+r,t)dA, (9)
’ aqAg /5,0 7
(B p(r))=—— [ B y(x+ri)py(x+ ) dd
i g(x,t)) = i g(x+rt)p,(x+r,t ,
” agAg s 0 P ’

(10)

Equations 9 and 10 define the deterministic surface-specific
coverage of the ith species on areas of types « and B, re-
spectively, within the averaging domain 3 (x), surrounding
the point x in surface space.
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Physicochemical Processes
Processes on the catalytic surface

In a typical continuous gas-phase catalytic reaction pro-
cess, physicochemical processes like adsorption, desorption,
chemical reaction, and surface diffusion occur on the catalyst
surface. In what follows, we discuss the representation of the
kinetics of each of these processes, with special emphasis on
migration processes.

We are concerned with how fractional coverage of each
species changes due to various processes on the catalyst sur-
face. Toward this, we let

@,-(0;x,t)

= Rate of change of surface coverage by the ith gas on dA4
as a function of prevailing surface coverage vector 6 of
the ith gas.
Hence, we have

do, do, do, de,
dt dr dr T de

O(0;x,t)=

The functions ©, must be obtained by considering adsorp-
tion, desorption, reaction, and migration processes for each
of the surfaces o and B. For this purpose, we use kinetic
models for the processes and the rate constants used are
based on experimental values from the literature.

Adsorption. The rate of adsorption of the ith gas on sur-
face type « is represented by

T ads :kfadssz‘a(e)Pi (11)

where k%4 is the rate constant for adsorption, $7(8) is the
sticking probability of the ith gas onto the surface of type «,

and P; is the partial pressure of the ith gas in the reactor.

i

Desorption. The rate of desorption is given by
ri,dcs = ki(fdcs 6[ (12)
where k. is the desorption rate constant.

Chemical Reaction. Consider m chemical reactions occur-
ring in the system. We can represent a reaction among s
species in the jth reaction as

N
Z 'inAi=O> j=L2,...m

i=1

(13)

where v;; is the stoichiometric coefficient of species A;. If A4;
is a reactant, v; is negative, and if A, is a product, y; is
positive. If r; is the jth (surface-specific) intrinsic reaction
rate, then we can write the reaction rate with respect to the

species A; as

14

m
Ti chem = Z Yjili» i=1,2,...,n
j=1
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Z,(x)

hex

1x1

Figure 2. Migration of CO/oxygen from neighboring ar-
eas in the averaging domain 3,(x) to dA.

Migration. Transport along the surface occurs through
diffusion where the adsorbed species move via a molecular
“hopping” process. Between two catalytic surface areas,
which are dissimilar with respect to the arrangement of the
surface atoms, this phenomenon can be thought of as a
“migration” of species from one type of area to another (Im-
bihl, 1985).

We represent the migration of adsorbed gas molecules be-
tween any two areas dA, and dA in X(x), as shown in Fig-
ure 2. Let area dA be of type «. The migration of species i
outward from dA is proportional to its local coverage 6;. Let
the rate constants for migration from « to « and from « to
B be k,_, and k,_,, respectively. Then the rate of migra-
tion out of dA is

a—Bei (15)

The migration from all of the areas dA, contained in 3,,(x)
into dA depends on whether dA, is of type « or type B. Let
dA, be of type B, then the migration into dA is given by

kg o0;m(x+r,t
2= 0 )

a,(x+r,t)

T mlg

Af(x) fé’: 8 <1

(16)

which is obtained as follows:

(1) We consider an area dA, at x + r. The probability that
it is of type B with coverage vector between € and d@ is
given by mz(x + r,t;0)d0. The rate of transfer from d4, to
surrounding areas is then given by kg_, 0,7m,d0.

(2) There are several other areas dA, of type a in 3,(x)
that compete with dA4 of type a for migrating species i from
areas of type B. The migration is thus associated with a “hit”
probability, which must be multiplied with kg_, ,wﬁdO As-
suming uniform likelihood, this hit probability is given by
dA/(a (x + r,t)A,), an area ratio of the competing areas. In-
tegration over all areas dA, gives the form of the term in Eq.
16.
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A similar term is obtained when considering migration from
dA, that are type a to dA

dA k
A_O'/‘Eo(x)dArfﬁ 0. < 1d0

a— o l (X(x+rt)

pin g4 =
a,(x+r,t)

i,mig

an
The net rate of change in coverage can now be written as

out __
+ rl ,mig ri,mig

®i = ri,ads - ri,dcs ri,chcm (18)
We have considered the area and probability averaging of the
O, function in Eq. 18, with special emphasis on migration

terms in the Appendix.

Surface transformation of the catalyst surface

The kinetics of transformation of the surface from type «
to type B and vice versa may be described by the following
quantities:
k,$,(0)dt
=Transition probability that an « surface with the sur-
face coverage vector @ at time ¢ transforms to the
B type during ¢ to t+dt (k, is the rate constant
describing the process).
kg s (0)dt

=Transition probability that a B surface with the sur-
face coverage vector @ at time ¢ transforms to the
a type during ¢ to t+dt (kg is the rate constant
describing the process).

Differential Equations for =, (x,;0) and 7 (x,;0)

We can now identify the differential equations for ,(x,#;0)
and mz(x,t;0) as follows: Let us consider the area dA at time
¢t and let it be of type «a. This is a result of the situation at
time ¢ — dt when the area dA could be of type a or type B.
The coverage on dA changes in this time interval, dt, from 6’
at time ¢ —dt to 0 at time t. Area dA in this interval can
either remain type « or transform to type . Thus

,(x,t;0)d0
[Probability that at time ¢, dA is of the type « and has
coverage between 6 and 0 +d0 |
=m,(x,t —dt;0')de’
[Probability that at time ¢ — dt, dA is of the type « and has
coverage between 6’ and 0’ + d0’]
X[1—k, ®,dt]
[Probability that during ¢ — d to ¢, the area dA does not
transform to type 8]

+mg(x,t —dt;0")do’
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[Probability that during ¢ — dt to ¢, the area dA4 was of type
Bl
X kg ®gdt
[Probability that during the time interval dt, the area trans-
forms from type B to type o]

Transposing the first term on the righthand side of the pre-
ceding equation to the left, dividing by df and d@’, and let-
ting dt — 0, we get

w,(x,t;0)d0 — 7, (x,t —dt;0')d6’
dr— 0 dt
=—k,b,m,(%,1;0)+ kggm(x,£;0) (19)

where we have used the fact that lim 6’=60 and lim 46’
d -
=d@. It follows from Eq. 19 that '

[a0] [ - (%,£;0)d0] = —k, b, (x,t;0)
+ kg (x,6;0) (20)
where
d
E=—+J§®m(0)— (21

Note, in particular, the volume d@ contained within the dif-
ferentiation with respect to time on the lefthand side of Eq.
20. Thus, the derivative (Eq. 21) must be applied to d@ using
the relationship, which is obtained in a manner similar to
that in fluid mechanics (Aris, 1962), relating the rate of vol-
ume strain to the divergence of the straining field, which in
this case is given by (;)i,a ((;),-,a is the time rate of change of
the coverage of the ith species on dA [see Eq. 18]). Thus, we
have

_ d[ L
0] =5 =L 5 l6] @
Combining Egs. 20, 21, and 22 gives
M 5 Oy k 23
— + == +
dt ft (901 ad)a/n-a B¢B TrB ( )
Using Eq. 21 and rearranging, we can arrive at
n
at + Z [ i,a a]=_ka¢aﬂa+kﬁ¢ﬁﬂ-ﬁ (24)
=1
Similarly
am, i
"B
+ L [ o5 | = Ko bum, — kg gy (25)

it ]

i
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The preceding Eqs. 24 and 25 are the master equations in the
sense that all other averaged equations must be obtained from
them. For example, we can derive equations for the area
probability that dA at any time is of type « or B.

Probability Averaging

In this section, we demonstrate the probability and area-
averaging process applied to Eqgs. 24 and 25.

Equations for p,, (x,t) and pg(x,t)
We obtain the equations for p,(x,t) and p,(x,t) by inte-
n

grating the previous equations over the region 0 < Y 6, <1

i=1
This is equivalent to taking the zeroth moment. The result is
given by

ap n n
<+ Zf n 1_[ dé, |, (x,t,l
I STy g <1k

i=1,)

i=1,j

X® Z 0,.(6,); - 11) a(x7t;0)®j,a(0)}

i=1,j

=— kﬁa Dot kﬁ Eﬁpﬁ (26)
where

®,p,=[  do¢,m,,
30,<1

D,p, = dod,m, (27
BM} L&gl (% A ( )

Similarly, we obtain

apB-I-Zf

j=1 i=1,j

n
11 .de wﬁ(x,t;l—
Y g <1k=1

l—l S

X®j,ﬁ(1_ i 9,-,(01)71,/-) m(%,150)0 B(“)}

i=1,j

In the preceding equations, the integral terms on the left-
hand side must vanish because the rate of change of the
probability that the area dA is of type a or the B type must
depend only on the transition rates on the righthand side.
Also, since we have used a continuous differential equation
to describe the dynamics of coverage, even the shortest time
must cause a change on the surface with respect to coverage,
making it impossible to maintain for any ler}lgth of time the

situation at the boundary of the region 0 < ), 6, <1, that is,
i=1

n
9,=0and ) 6,=1. For example,

i=1

along 0,=0, 0,=0, ...,

n

along Y 6,=1, the coverage is total, which will definitely
i=1
result in “instantaneous” removal of the gas. Similarly on 6;

2163

n
Z Gi’(ol);l:l,j

n
Y 0.(0)i-1

|

|



=0, there must be an immediate addition of the ith gas,
making it impossible to maintain a condition of zero coverage
by the ith gas. Thus we must impose the boundary conditions
that

n
m,,m =0 |along 6, =0, 6,=0, ..., §,=0and Y 0i=1)
i=1
(29)
We have thus the differential equations
OPq Ipg — —
o " ot T Ke®aPat kg ®ppg (30)

Equations for 0, ,(x,t) and O, ;(x,t)

Equations for 0, ,(x,r) and ©, ;(x,r) must be obtained by
taking the first moment of Eqgs. 24 and 25. We will derive
equations only for the quantities specific to the alpha phase;
equations for the beta phase can be similarly derived. The
first moment of Eq. 24 yields

J

_ g
E[G)i’apa] +ffj e,gldoei{zz E[Gla%]}

i~ 1 i

= —kef n 0,0, d0 + kg [ 9¢ﬁwﬁdo (31)

s

i=1

Integrating by parts one obtains, using the divergence theo-
rem and the boundary conditions in Eq. 29

0, ,m,do - kf,,
1

X 0,7, d0 + kg [

L0

e b d0  (32)

Since it will be of importance in the sequel (see the following
section), we also take the second moments of Eq. 24

2070, do— k,

T, a

n n
Y 6,<1 P/ES!
i i=1

+hgf %;sﬁwﬁdo (33)

L 0=

1
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e8] = [66,.+60,,|md0

n
Y 6,<1
i=1

—ky[ »
T

7Td0+kan

Y 6, <
=1

0,0,dm;d0 (34)

Area averaging of Eqs. 32 through 34 based on the defini-
tions in Egs. 9 and 10 will give rise to deterministic, spa-
tiotemporal differential equations for describing the dynam-
ics on the surface. This is described in the next section.

Area Averaging

Probability and area averaging of any arbitrary nonlinear
Junction

In general, (;),-’a and ®i,6 in Eqgs. 32 through 34 will be
nonlinear functions of @, the coverage vector (see Eq. 18).
Hence, we demonstrate the area and probability averaging of
any arbitrary nonlinear function f(@). For statistically aver-
aging f(@), we can write

jz dof(0)m(x,t;0)

0, <1
p(x.1) (35)

F(x,t)=

For the present we do not need to distinguish between sur-
face type, so we can drop the subscript on the master proba-
bility function. It is necessary to take the local area-average
of this quantity. Before we do this, we expand f(0) by Taylor
series about the area-averaged quantity { @(x,t)) at the point
x

— 1 — 1% —
F(0)=F((@))+ X (6:—(0)) . f((®))
i=1 i
1 n _ 5 02 n @
+§ i;(e,-—<®,->) W+i=zl,j(6i_< )

2

x(6=48) 75

f({®))+ H.O.T. (36)

Thus, the local area-averaged expression for any arbitrary
nonlinear function of coverage can be written as

n 2

— 1 _ 4
=[5 £ (0@

1

f({®))+ H.O.T. (37)

i=1,j (]

No subscript has been included on the area-averaged or
probability-averaged quantities in the preceding for general-
ity. We notice that the righthand side contains only moments
of second order. In using this formula, it must be borne in
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mind that

(1‘7(x,t))f2 ( )p(x+r,t) dA,

- '/Eg(x)dAr/Xn: 91‘ <1

i=1

dof(0)m(x+r,;0) (38)

so that
(F(x,t))

1
S ren  SRC RO G

RS

i=1

1 _
=— dA F(x+r,t x+r,t 39
Aoa(eD) fE A )p( ) (39)

where a will earn the subscript « or 8 on .

Surface diffusion

The average coverage (@) is distributed in space, and,
hence, spatial gradients can be thought of as giving rise to a
macroscopic diffusion term. This term arises from the area
averaging of the migration term, which is a local phe-
nomenon occurring on the scale of dA. In that respect, it can
be thought of as a macroscopic interpretation of migration.
Consider the time rate of change of coverage on an area dA4,
of type « surrounding a point x + r in physical space. We
can write (see Eq. 18)

0,(0;x +rt)=v,(0;x+rt)+

kg
Z Lv(r)dArf

N
0 Y 6,<1
i=1
y 0;ms (x +1,t50) ka,a/
aa(x—l—r,t) Ay s, 0
O;m,(x+r,t;0)
Ul O irny GO
Y 6,<1 « ’
i=1

where 7y, = (7, 445 = T des — mig — Tichem) iS the net change of
coverage as a result of adsorption, desorption, chemical reac-
tion, and migration out of dA, and the other two terms de-
scribe the rate of migration into dA, (refer to Eqgs. 16 and
17). Consider the substitution of ®, in Eq. 32. The term in
question here is the first term on the righthand side of Eq.
32. The area averaging of this term yields the following

dA n d ®ia= dAr n
fzv(x) eraigla K /zu(x) '/-Zeisl

i=1 i=1

ko_, 0,
Xdo|y, + i [oaafy d0—L (x+r.1)
0 2o(") Z 0.<1 a,
i=1
k 0.7
+ == dA do————— =, (41
Ay fza(r) f aa(x+r,t)) - @y

r) N
Y 6,<1
i=1
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We consider the third term inside the brackets on the
righthand side (a similar analysis applies to the second term
inside the brackets as well). Assuming a (x +r,t) = a_(x,t)
for simplicity, we have

k

a—a

- dA A0, (x +r,t;0
a,(x,1)A, fzam ( )

r| N
Y 6,<1
i=1

=ka,a<m>(x+r,t) (42)

We expand the area-averaged coverage on dA, surrounding
any point x +r as

(m)(x +r,t)= <m)(x,t) +r 'V(mXx,t)

+ %rr:VWmXx,t) +o(r?) (43)

Evaluating now the third term on the righthand side of Eq.
41, using Eq. 43, we finally get

k dA,

a—a

do(®, Y(x+rt)m = ka,af
3,(r) ’ 3, (r)

N

Y 6,<1
i=1

X dAK®, Y(x+r0) [ dom,
Y 6:<1

i=1

=k oSO N(x.0) f2 AP (xR, fz o

XdA,p,(x +r,t)r -V(m)(x,t)

a—a

2

f dA,pa(x+r,t)rr:VV<m>(x,t)+o(r2)
3, (r)

(44

From Eq. 44, we see that the coefficients associated with
V(®, > and VV(O, ) can be interpreted as representing
“surface motion”as well as “surface” diffusion that occur with
velocity

vzk’/ dA,p,(x+r,t)r (45)

3,(r)

and diffusion coefficient as
D=k dA,p (x+r,t)rr (46)

2,(r)

It is likely that the velocity just defined is negligible because
of the fact that

(47)

3, (r)

Vol. 49, No. 8 2165



Dilution and augmentation terms

Area and Probability Averaging. We establish here terms in
the averaged equations, which are of crucial importance to
the framework of this article. They arise because phase trans-
formation changes the fraction of a specific phase, say «, in
the averaging area. The concentrations specific to the « phase
will then be either increased when the o area fraction de-
creases, or decreased when the « area fraction increases. We
therefore refer to these terms as augmentation and dilution
terms, respectively. These terms naturally arise from the
probability and area-averaging process, as demonstrated be-
low.

Consider the area averaging of the probability-averaged
equation (Eq. 30)

9P,

'/‘EO(x)dArW T

dA

a r dod)a Ty + kﬁf
0 Jse <1

2,(x)

di,.fz , - 104 (48)

where 6,(0) is a nonlinear function of @ in general. Follow-
ing the treatment in the subsection on surface diffusion, we
expand 6,(0) by Taylor series about the area-averaged quan-
tity (@(x,t)) at the point x (see Eq. 36). Using only the ze-
roth-order term in the expansion for simplicity

dA,

d0¢,(0)m,(0:x +r.1)=6,((0)) [
3,(x) 30,<1 3, (x)

X dA, (0;x+r,t)=¢a(<@a>)aa(x,t)AU (49)
30, <1,.,
Similarly
dA, A0, (0)m(0;x +r,t)

3,(x) 36;<1
= s (@) ag(x.0) A, (50)

Using Egs. 49 and 50 in Eq. 48 and using the definition in
Eq. 5, we get

S =k, da,+k;dza
ot w¢a @ B¢B B

(51
Typically, the kinetics of the phase transformation have been
experimentally observed to be such that at any given instant,
we have

koyb, =0 for c<1; kgpy=0 for c=1

(52)

where ¢ = f(oa crll 00[’1[ - (Ol,crit>92,crit>93,crit> o Vn, crll) be-
ing a critical coverage vector governing the transformation
determined experimentally (Imbihl et al., 1986; Gruyters et
al., 1995). Thus for ¢ <1, areas of type B transform to that of
type «, while for ¢ > 1, the areas of type « transform to type
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B. For c>1, Eq. 51 becomes

— =kydga
ot Bd)ﬁ B

(53)

Next, we consider the area averaging of the probability-aver-
aged Eq. 32
0, 7, do

g
fzo(x)dA’E[(a’““p“] fzu)dA IZ 6. <1

i=1
0;,¢,m, dO

-k L(x)dA IZO <1

i=1

0:pgmz dO (54)

K L(x)dA fZO
i=1

We represent 6,¢,(0) using the Taylor series expansion about
(O(x,t)) as before, and using only the zeroth-order term, we
have

0:4.(0) =<0,¢,({0)) (5%

Substituting Eq. 55 in the first term on the righthand side of
Eq. 54, we have

ka‘/‘za(x)dAr'[ -
iz

0,¢,m, dO
Y 60,<1
=1

ko8, 06,(@D) [ dd [,
of Y 6 <1

z—l

= kol®; ) boa, 4y (56)

Similarly, the second term on the righthand side of Eq. 54 is

kaEU(x)dAr‘[i 0. <
i=1

= k(®; 5 b ((O) [m) o

i=1

= k<O, gydgag A, (57)

6, gz A6

g de

Substituting Eqgs. 56 and 57 in Eq. 54, and using the defini-

tion of area-averaged coverage in Eq. 9 and rearranging, we
have

0, o 1
a,———— dA ®- 2T, A0
at /n(x) '[ "
1—1
— da, — —
= _<®i,a>? - ka<®i,a>¢aaa + kﬁ<®fqﬁ>¢ﬁal3 (58)
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For ¢ <1, where k,¢, =0, using Eq. 53 and rearranging, we
get

9(0; > 1
a Aga,

f d/lrf n (;)i,ozwa do
L@y <1
i=1
(®,,) da, (O, 5> da, (8 ,)—(®,,) da,
— i — 4 2 - = oF -
a Jt a Jdt a Jdt

(59)

For ¢ <1, areas of type B transform to an area of type «,
hence da,/dt will be positive. The term (<@i,ﬁ Y/a,)/(da,/dt)
increases the coverage, <0, ,», by adding to it the coverage
(0, 5; this term will be called “augmentation.” At the same
time, owing to the increase in the area fraction of type «,
there is a decrease in the area-averaged coverage, described
by (O, ,>/a,)/da,/dt) on the righthand side; we call this
term “dilution.” It is seen that these terms arise naturally as a
consequence of the area and probability-averaging process. If
we carry out a similar area averaging for coverage on the S
surface, we have

J 1 .
at [<®i"g >aB] - A_O ‘éo(x)dAern: 0, < l®i’B7TB 0
i1

= k{0, D bea, — k(O s)dgaz (60)

For the ¢ <1 case, using Eq. 53 in the preceding equation
and rearranging, we have

G 1 .
— e —— [ a4 f, 6, pm, dO
Jt Aotlﬁ 3 o(x) Z 0. <1 ’
i=1
<@i >ﬁa <®L >ﬁa
BB P (61)
ag Jat ag Jat

We do not have dilution/augmentation terms appearing on
the righthand side of the previous equation; this is expected,
since the areas of type « do not transform to those of type B8
for the ¢ <1 case. For the ¢ >1 case, these terms would be
present in the equations for (), 4(x,1), and not (0, ,(x,1).

Application to CO Oxidation on Pt(100)
Assumptions in the formulation of the temporal model

Rate oscillations have been experimentally observed dur-
ing CO oxidation on Pt(100), but often in the absence of spa-
tiotemporal pattern formation (Imbihl et al., 1986; Lauter-
bach and Rotermund, 1994; Lele et al., 2001; Lele and
Lauterbach, 2002). Hence, we can assume that for certain
control parameters, the areas on the surface are similar to
well-mixed reactors; there are no large spatial gradients in
coverage. This has also been the approach followed in other
modeling efforts (Imbihl et al., 1985; Gruyters et al., 1996).
Uniform coverage implies that there is no spatial distribution
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of (©,)(x,t). Hence, the local coverage on d4 must be equal
to the average coverage, that is

6;= (0, (62)
There are two important implications of the preceding equa-
tion.

1. There is no “macroscopic” diffusion term.

2. The area and probability averaging of any arbitrary non-
linear function f(@) defined on any area dA, in 3,(x) (here
f(0) could represent a nonlinear reaction rate term, or a
nonlinear adsorption term), reduces to

| a4, dof(0)m(x,t;0)
3 0(x) Yo,<1
=J(@) [ plxtria)dd,=[((®))ad, (63)

Thus, the average of a nonlinear function is now the function
of the average. The two previous statements eliminate the
presence of second moments in the model.

Steps in the formulation of the model

We outline here a systematic application of the framework
in the formulation of a spatiotemporal model for CO oxida-
tion on Pt(100); suitable assumptions then lead to a temporal
model. The same steps can be used to model any other reac-
tion of interest, on any type of transforming surface.

The expression for the net rate of change of coverage on
dA of the ith species can be written as

. _ in  _ .out __
®i(07x7t) =T i,mig ri,mig

iads ri,dcs +r r

i,chem (64)

The kinetic expressions are based on a suitable mechanism
for the reaction; CO oxidation on Pt(100) follows the LH
mechanism, which is as follows

CO, +* & CO, (65a)
0,, +* =20, (65b)
CO,q+0,4 — CO,, (65¢)

The * denotes the type of site, which for Pt(100) can be
either hex or 1X1. If dA is of type 1X 1, the rate of adsorp-
tion of the ith speciies from dA is given by

Fiads = kil,axdlssil “1(0c0,00)P; (66)
where the subscript i stands for adsorbed CO and oxygen.
S1*1 thus represents the adsorption probability of the ith gas
on the surface of type 1X 1. The rate of desorption of CO
from dA is given by

= kg,?;e]s GCO (67)

ri,des
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The dependence of the adsorption probabilities of CO and
oxygen on the surface coverage have been obtained by fitting
experimental data from the literature (Gruyters et al., 1996).
The rate constants for adsorption, desorption, migration, and
the phase transformation kinetics have also been obtained
from the literature (Gruyters et al., 1996). The rate of migra-
tion into dA of type 1X1 from neighboring areas dA, that
are of type hex can be written as

Khex — 1510 nex (X +1,1)
a,y(x+r,t)

= dA faa, [ de

N (68)
Y 6,<1

T mlg
i

Using the definition of area and probability-averaged cov-
erage, and the assumption that the area fraction a,,, is not a
function of the spatial location x for the well-mixed case, the
rate of migration into dA that is type 1 X1 from the neighbor-
ing areas that are type hex can be written as

khexf l><19i77hex(x + r?t)

do
aji(x+r,t)

i = [,

N
Y 6,<1
i=1

hex
_ Khex — 1x1€07 ™) a5 Ay

A1

(69)

The rate of reaction is given by

Tichem = k0o 00 (70)

We can now arrive at an expression for 6; as a function of
the local coverage on dA using Eqgs. 66 through 70. Substitu-
tion of ©, into the area and probability averaged Egs. 58 and
60, along with the assumption that the surface behaves ho-
mogeneously with respect to coverage during reaction rate
oscillations yields the model equations.

The temporal model

On applying the steps outlined above, we arrive at the fol-
lowing ordinary differential equations

For ¢ —((@)1“)/ A )+((®1X1>/ o) <1

de <®1><1> <®1><1>
1><1__k()0l><1 1— co 7 O'
dt gCl'lt G(C)l"lt
de,.  de
hy _ 1x1 (71)
dt dt
d<®1><1
T_klpcoslxl k <®é > k5<®1><1
®hex
+ k4<®hex _ k <®1>< 1><®1><1> (72)
®1><l
d<®1><1>
" = kS5 'po, k(0L NOF T (73)
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d<®hex
T=k1538(pco k <®hex> k4<®hex
+ k5<®1C>(<)1 _ k <®hex><®hex
hex
<®é61>_<®gg> d®hex
+ o o (74)
d<®hcx>
d? =k S(l;e’xpoz k <®hex><®hex
(05 ) —(OF") Oy,
(€] dt (75
hex
<®l><l <®1><1>
c= >
O Oic
d®1><1
= k50 (O
dt hex<
d®hcx d®1><1
it (76)
d{O&S"
T_klpCOSlX1 k <®]C ) —k: <®&)1>
@ hex O pex 1x1 1x 1
+ k4<® ® - k7<®co ><®o >
1x1
<®hex> (OF) dO,, T
O, dt (
d<®1><1>
d? _k6SO Po7_k <®1><l><®1><1
<®hex> <®1><1> d@])(] (78)
(CT dt
d<®hcx
2 = ki SE8Pco — ka(OFD) — k(O
1x1 @ ‘@hex\ /@ hex
+ ks(OLSY — — k;(OEZOF™  (79)
hex
d<®hex>
d—to — késgezxpoz k <®hex><®hex (80)

where (OL5"), (OL*1y represent the area and probability-
averaged coverage of CO and oxygen on 1X1 areas, respec-
tively; <®g~°g>, <®g“> represent the area and probability-
averaged coverage of CO and oxygen on the hex areas, re-
spectively; ©,,, represents the area fraction of 1X1 on the
surface. The rate constants are available in the literature
(Imbihl et al., 1985; Gruyters et al., 1995, 1996). The value of
the parameter ¢ decides whether the areas will transform
from type 1X1 to hex and vice versa; for ¢ <1, 1 X1 areas
transform to hex, while for ¢ > 1, the hex areas transform to
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Table 1. Dilution/Augmentation Terms in the Model

Equations
Term. Term in Parameter
No. the Model Eq. c
<®1><1> <®hex> d®hex
1 o a 22 c<1
hex
<®1><1> <®hex> d®hex
2 o i 23 c<1
hex
3 <®hex> <®1><1> d®l><1 ’s .
>
Oy dt ¢
<®hex> <®1><1> d®l><1
4 26 c>1

O dt

1Xx1. Of special note are the form of the migration terms
and the dilution/augmentation terms (see Table 1). For ¢ <1,
the 1X1 area transforms to hex, since the total adsorbate
coverage is not enough to stabilize the 1X 1 area. The average
coverage of CO on hex in Eq. 74 will be reduced by this in-
crease in the hex area, as represented by
—((055)/0,.,Xd0O,../dt) (dO,.,/dt is positive for ¢ <1).
This is the dilution effect. The transforming 1X1 areas also
add their adsorbed CO molecules to the hex phase. This is
represented by the term ((OLE!) /0, N(d0O, .. /dt), and is the
augmentation effect, because it results in an increase in CO
coverage on hex. These effects can be easily understood by
considering Figure 3. The shaded areas are of type 1X1, the
lighter areas are of type hex, with black dots representing CO
coverage on 1X1 and white dots CO coverage on hex. When
a part of the 1X 1 area transforms to hex, it increases the hex
area, thus reducing the average CO coverage on hex (dilu-
tion); at the same time the transforming 1Xx1 area adds its
coverage to that on the hex area, increasing coverage on hex

(augmentation). The average coverage on the 1X 1 areas does
not change by dilution and augmentation (these terms are
absent in Eqs. 72 and 73), since for ¢ <1 there is no transfor-
mation of hex areas to 1 X 1. A similar explanation applies for
the presence of the term

<®hex> <®1><1> d®hex
0Oex dt

in Eq. 75, which describes the rate of change of oxygen cover-
age on the hex area. For ¢ >1, the hex areas transform to
the 1X1 area. The average coverage of CO on the 1X1
phase in Eq. 77 will now be reduced by dilution, resulting
from the increase in the 1X1 area, as represented by
(—(OLSHY /0, (d®, ., /dt). The coverage will be increased
by an augmentation resulting from a direct addition of ad-
sorbed molecules on the transforming hex being directly to
the 1x 1 phase as represented by (@) /@, Nd®, ., /dt).

Simulation

Figure 4 shows the result of integrating the model for fixed
reaction conditions of T =510 K, pco=1Xx107° mbar, and
Po, = 2.5X107° mbar, where pco and Po, are the partial
pressures of the reactant gases CO and oxygen, and T is the
catalyst temperature. Shown are the area and probability-
averaged surface-specific coverages, as well as the area frac-
tions as a function of time. There is a perfect anticorrelation
between simulated CO and oxygen coverages during an oscil-
latory cycle, on either type of surface; this has been observed
experimentally (Lauterbach and Rotermund, 1994; Lele and
Lauterbach, 2001). When the transformation from the hex
phase to the 1X 1 phase is underway, the 1X 1 surface is pre-
dicted to be poisoned by CO at a coverage of approximately
0.5. This has been experimentally confirmed by Imbihl et al.
(1986), who observed that 1x 1 areas grew in size with a con-

Area ofltype o Area of type 5

Dots represent
reactant coverage

Increase in area |leads to decrease
in averaged coverage: dilution

|

]
&
|
[

Increase in averaged coverage due to addition
of covered area: augmentation

Figure 3. Dilution and augmentation effect.
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Figure 4. Simulation of rate oscillations using the ordi-
nary differential Eqs. 19-28 for reaction con-
ditions of T=510 K, pco =1x10 ~® mbar and
Po, =2.5x10 ~° mbar.

stant coverage of approximately 0.45. The oscillations are of
a relaxation type, revealing the multi-time-scale behavior that
is characteristic of the difference in the kinetics of the phase
transformation, as compared to adsorption, desorption, and
chemical reaction. The period of oscillation of 15-20 s is close
to experimentally observed values. Figure 5 shows a simula-
tion in which the differential equations were integrated for a
slow temperature ramp, without allowing steady state. This is
an analog of experiments, which are often performed in this
manner to access qualitative information about the system.
The simulated reaction rate is seen to be sensitive and de-
creasing with increasing temperature, as expected (Lele and
Lauterbach, 2001). Figure 6a and 6b show the changing shape
of the oscillation under different temperature conditions. To
demonstrate the effect of terms like dilution, augmentation,

>
)

Temperature

CO, production, ML/s
- N w
= N W o, »

o
o

=]

10 20 30 40 50
time (s)

Figure 5. Effect of temperature ramp on reaction rate

(the model was integrated for a temperature

increase from 490 K to 515 K, at fixed , pco =

1Xx10 ~° mbar and po, =2.5x 10 ~° mbar).
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Figure 6. (a) Simulation of oscillatory CO, rate at T =
500 K; (b) oscillatory CO, production at T =
510 K, for pc =1 x 10 ~5 mbar and Po, =25
X10 ~5 mbar.

and migration, we strip the foregoing model equations of such
terms and examine their dynamic behavior (as shown in Fig-
ure 7) relative to that of the proper equations (as shown in
Figure 6b. With the terms present, the reaction-rate oscil-
lates, with a high average reactivity, as seen in Figure 6b.
Without the terms, the surface goes into a low reactivity
steady state.

Summary

We have developed a general mathematical framework for
analyzing adsorption, desorption, reaction, and surface diffu-
sion of gaseous species on catalytic surfaces, coupled with
catalytic surface-phase transformation based on a procedure
that involves both local probability and area averaging. While
the probability averaging is to promote the deterministic
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Figure 7. Dynamic behavior in the absence of terms in
the model equations at T =510 K, for pco =1
X10~° mbar and py =25x10"° mbar
(compare with Figure 6b).

framework, the area averaging is designed to produce quanti-
ties more closely related to measurement. This development
naturally gives rise to terms such as dilution/augmentation in
the equations for averaged surface concentrations that do not
appear in prior mathematical treatments that arrived at model
equations by ad hoc balances. Such terms are of significance
to predicting the nonlinear behavior of the system and in ex-
tracting the kinetics of surface reactions from dynamic data.
We have demonstrated an application of the theoretical
framework to CO oxidation on Pt(100) by deriving a purely
temporal model for CO oxidation on Pt(100). Dilution/aug-
mentation terms were identified in the temporal model and
shown to be significantly important by simulation.
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Appendix

In the absence of all kinetic terms, that is, adsorption, de-
sorption, and chemical reaction, the net rate of change of
coverage of species i on the total surface area (including sur-
faces of either type) should be zero. This implies that the
form of the dilution/augmentation and migration terms,
which evolve out of the framework, must be consistent with
conservation of mass balance. That this is indeed the case is
shown below.

Consider the fotal rate of change of coverage of CO for
¢ < 1. The equation for the total rate of change of CO cover-
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age is

d<®total d <®1><1 d( hex d@l
@hex\) _ @lx1 x1 ‘@ hex hex
dt (®1><1<® D+ 01,4083 )_®1><1 g O, +(O¢ dt +(0¢g dt (A1)
Using the model equations (Egs. 71 through 80), we have in
the absence of adsorption, desorption, and chemical reaction
d<®totdl d<®1><1 < hex de -
— =0y, + O (0L — T+ (0 —
dt dt dt dt dt
(083> —(BLS") 4O,
=0, | — ks(OLS) + k(O —=
1x1 s$O5) + kS 0, 0, d
= 015, —=7. 491 —— dOy,
+®hex( 4<®g0>+k <®1X1 m +<®é>él T+<@go 76
=0 (A2)
It is instructive to consider the substitution of Eq. 18 into
the first term of the probability-averaged Eq. 32. Let dA4 be
of type «, then the migration terms take the form of Egs. 16
and 17, then
'/‘Z" 0. < 1®1 oMo do '[Z ( iads ri,des
i=10; 0, <
i=1
+ rtu;mg rt‘,)rliltig - ri,chem)ﬂ'oz de (A3)
Considering only the migration terms in the preceding
equation and assuming a(x + r,t) = a(x,t) as before, for sim-
plifying the analysis, we have
, 1 kg_, 0,7
/ (rine =g ) m, a0 = [ [y e
Liii0,<1 Z 6,<1 0" Zo(r) 6.<1 a,
! [ a4 0% ok 6 |m a6
+— r T T Ra—aVi T R i | T
Alsn S, g
i=1
_ ag — — —
= kB*Dz<®i,B >paa_ + kozfa<®i,a>pa - kafa@)i,apa - kﬂt*B@l‘,D{pa (A4)

Area averaging this equation yields

— a — —
dAr riiI;m loumtl Ty da dAr(k 7a<®i > a_B+ka7a<®ia> zx— a— a®ta a+ka ®ia a
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a

3, (r)

It is seen that the migration into and out of dA4 between ar-

eas of t}fpe o compensates for each other exactly under the Manuscript received Feb. 4, 2002, revision received Nov. 27, 2002, and final
assumption that a,(x +r,t) = a,(x,0). revision received Mar. 17, 2003.

2172 August 2003  Vol. 49, No. 8 AIChE Journal



